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1 Introduction

These notes give a brief overview of the Eulerian model that is embedded within NAME. The model describes
the evolution of a scalar field rather than the motion of individual Lagrangian particles. As such it gives the
concentration of a particular species directly rather than by averaging over the total mass of all the particles in
an arbitrary box. The model uses a semi-Lagrangian method to solve the advective part of the scalar transport
equation. The functionality of the model includes vertical diffusion, sedimentation of solid species, wet and dry
deposition. It is a hybrid model in that particles are released from a source and the material associated with
each particle is then transferred to the scalar field after a user-specified time. This time can vary from one
source to another and can be zero. The model can be used either as a global model or as a limited-area model.
The model is integrated with NAME’s chemistry scheme and is well suited to modelling the dispersion of species
that evolve smoothly over large spatial scales such as ozone.

The main features of the model are described in the following sections.

2 Semi-Lagrangian scheme

The semi-Lagrangian scheme used here is based on that used in the EndGame version of the UM. The method
calculates the departure point of a fictitious particle arriving at a grid point (the combination of Eulerian grid and
Lagrangian particle gives the method its name). The values of the scalar field at the grid point and the departure
point are then used to calculate the change in the scalar concentration (and hence its advection). The method
is computationally stable even for large time steps. Further advantages of this method include monotonicity and
positivity (sign preservation) i.e. spurious maxima or minima or changes of sign cannot be introduced in the
advection of the scalar field. However, disadvantages of the method include potentially significant numerical
diffusion which can be partly mitigated by using high-order interpolation schemes. For more information on
semi-Lagrangian methods see e.g. Staniforth and Coté (1991).

The code for the semi-Lagrangian scheme can be found in the modules euSLA.f90 and euSLAUpdate.f90.

3 Vertical diffusion

The model solves a form of the one dimensional diffusion equation where the mass flux is proportional to the
gradient of the mass mixing ratio (not mass concentration). This ensures that no diffusion occurs for a well-
mixed species (i.e. mixing ratio is uniform along the column). This form of the diffusion equation is written

as
(=) _ 0 ) D 6()

ot 0z (Z)p(z)az p(2)

where ¢(z) is mass concentration of the diffused species, p(z) is air mass density, K (z) is the diffusion coeffi-
cient, z is height and ¢ is time.

The model uses a Crank-Nicolson method to calculate the vertical diffusion of the scalar field. This method is
a finite difference method that is typically used for solving (numerically) a parabolic partial differential equation
(pde) such as the heat (or diffusion) equation. It is second-order convergent in time so that the local truncation
error associated with the time step is the same order as the spatial step. In practice, this means that the time step
and spatial step can be the same order of magnitude (in some non-dimensional sense). The Crank-Nicolson
method uses the average value of the spatial derivative at the beginning and end of the time step. This makes
it unconditionally stable i.e. errors are damped rather than magnified. It is an implicit method which requires the
solution of a system of algebraic equations. This is achieved by means of Crout factorisation. The application
of this method to a spatially irregular grid can be found in the appendix.

The lower boundary condition is a flux of material to the ground with a species and size-dependent (for solid
particles) deposition velocity (see §5 for more details). If dry deposition is not activated then the deposition
velocity is zero. The upper boundary condition requires zero flux of the scalar for all times.

The numerical subroutines are called euModelUpdateDiffusion and euModelVerticalDiffusion which can be
found in euModelUpdate.f90. Vertical diffusion is activated by setting the Turbulence flag in Sets of Disper-
sion Options to be true.
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4 Sedimentation

Sedimentation occurs automatically for solid particles i.e. those particles that are defined to have a particle size
distribution (which can include a single size for all particles). In a Lagrangian model the sedimentation velocity
is calculated separately for each particle (since it is size dependent). For a field of particles this is clearly not
possible. In the Eulerian model the sedimentation of a solid species is calculated using the geometric mean of
each bin in the particle size distribution. The calculation is performed in the subroutine euModelFlowUpdate W-
Modified in euModelFlow.f90 making use of the function TerminalVelocity (in Physics.F90) as for Lagrangian
particles. The modified vertical velocity field is then passed to the semi-Lagrangian advection scheme.

5 Dry deposition

The deposition velocity is calculated at the lowest vertical grid level in the subroutine euModelFlowUpdateDe-
position in euModelFlow.f90 using the function CalcVd (within Species.F90) as for Lagrangian particles. For
solid particles the representative diameter of the particles is used which is taken to be the geometric mean of
the relevant particle size bin. Dry deposition is activated by setting the Dry Deposition flag in Sets of Dispersion
Options to be true.

6 Wet deposition
Wet deposition is performed in Case.F90: the scalar field decays exponentially according to
X = x exp(—At))

where x is the scalar concentration per unit volume and At is the time step. The position and species-dependent
scavenging coefficient, J, is calculated in the subroutine euModelFlowUpdateLambda in euModelFlow.f90 using
CalcWetScavCoeff (within Species.F90). It is stored within the derived type EulerianField. Wet deposition is
activated by setting the Wet Deposition flag in Sets of Dispersion Options to be true.

7 References
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Appendix: the Crank-Nicolson method for an irregular grid with spatially-
dependent density

Discretisation of diffusion equation

Let o(2)
K'(2)=K(()p(z), ¢'(z)= 2
()= K@ole), 6=

The discretisation of the diffusion equation uses the following results:

9¢’ ¢ — iy

0z i—1/2 Zi — Zi—1
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where ¢; = ¢'(z;) and K = K'(z;), hence

Zi+1/2 — Zi—1/2 0z i+1/2 82' i 1/2]
[ (”1 e RS )
Zi1/2 — Zi—1/2 W2z -z U2 2 -z

S (K (2)p() + K (o 1)p(zi1).

Crank-Nicolson uses an average of the spatial derivative at the beginning and end of the time step (see e.g.
Burden and Faires, p.691; Press et al. p.840). Thus, the discretisation of the diffusion equation becomes

1 ’ Y, Y
Gijr1— iy _ [K’ ( i+1, u) / ( i il,jﬂ
= 112, —Ki 12
At 2(ziq1y2 — zic12) | TNz — VRN g — 2
/ / / /
N 1 { ) ( 141 — ¢m‘+1> e ( i1~ ¢i—17j+1>}
i+1/2,5+1 i—1/2,j+1 :
2(Zi+1/2 - 21—1/2) /2.5 i+l — & =125t Zi — Zi—1

Re-arranging we get

/ / / /
Gi i1 — At K’ ] ¢i+17j+1 — ¢i,j+1 _ K ' i,j+1 — Pi—1,5+1
4]+ 2Azi+1/2 i+1/2,j+1 AziJrl i—1/2,j+1 Az;

At ¢/‘ 1,5 QS/' j QS/ 1
D A g (i O g (90 Gy
¢ »J + 2A2i+1/2 |: i+1/2,5 ( Azi+1 ) i—1/2,5 Azz

where Az, = z; — z;_1, and hence

Gij+1 |1+ At 1 Kiti/o,41 4 Kl 1541
ot 282412 pij+1 Azt Az;

/ !
A Kz’+1/2,j+1 Piv1+1 Al Ki—1/2,j+1 Di—1,j+1
20zi4172 Azigr pirrgrr 2Dzipe Az picign

—gii 1 At 1 (K, N Kl 15,
" 20z 12 pij \ Aziyr Az;

n At Kz{+1/2,j Dit1,j At Kz{fl/2,j Gi—1,
20zi4172 Aziyr piv1y  2Dzipie Az picay

where )
Ki_1jp = 5(Kipi+ Kiapiz1) =

Boundary conditions
Lower boundary

At the ground, z = z;, we assume that
o¢

K(Zl)&

= éf’(zl)’vd

zZ=2z1

where v, is the deposition velocity. We then have
a a¢l 1 QS/ _ ¢/
e K/ b _ K/ 2 1 _
0z ( (=) 0z > o1 QAzz) [ 3/2 (z2 — 2 P10
i’ - At K341 At Ky i1 ¢4
1,9+1
J+ 20z35 \ Az Pl,y+1 2Az3/2 Azy  p2j+1
o1 At K33, K305 ¢y
" 2Az3/9 \ Az Pl,7 2A25/2 Azy pa2j
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Upper boundary

ACCED

We have

/ / / /
_ 1 |: / ( n+1 (bn) / < n n—1>:|
- +1/2 - —1/2
i=n A2"n+1/2 1/ Zn+l1 — Zn =t/ Zn — An—1

and so
A !
& - At 1 K124 . K 12,41
,J+1
It 2A2n+1/2 Prn,j+1 Azpiq Az,
At K} 121 Pnt1v1 At Kfv,—1/2,j+1 Gr—1,5+1
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i1 At 1 (K, +K;L—1/2,j n At K ¢n+1,j+ At Koy g1y
" 282p11/2 Png \ AzZnta Az, 20zp1172 Azngr potr 2Dzpg12 Azy paoiy

NB: level z,,; exists above domain top. One option is to choose ¢, 41; = ¢n+1,;41 = 0 however this could
lead to spuriously large gradients near the top of the domain. A better option is to require zero flux at the top
boundary i.e. ¢, ; = ¢, ; for all times (NB: this is now a flux of mixing ratio rather than concentration). In this
case, the above equation becomes

oo 1+ At K’:L—l/Q,j-‘rl 1 _ At K;z—l/Q,j+1 On—1,5+1
n,j+ 20zn41)2 Az, Prj+1 20z, 412 Az, Pn—1,5+1

1 At K501 At Ky Dn—1,j
" 20zn4172 Azn pny 2024172 Azn Py

Crout factorisation
Equation (1) can be written as a tridiagonal matrix
ApUth) = BpW)

where A and B are respectively the n x n matrices
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This tridiagonal system is most easily solved using Crout factorisation (Burden and Faires, p. 413; Press et al.,
p. 34+) which involves the LU decomposition of matrix A so that

LU@UY = p 2)

where b = B¢). Equation (2) can be solved in two stages:

Lg=15
where
Ud)(j'H) =g.
The components of L. and U are not uniquely determined. The most common choices are (for i = 1,...,n)

U;; = 1, known as Crout factorization, and L;; = 1, known as Doolittle factorization. For the case of Crout
factorization we have

Lin=An, Uip=A1/Ln
Lijo1=A,-1, Li=A;—Lii—1Ui—13, Uiit1=441/Liu, i=2,...,n—1
anfl = Anﬁnfla Lnn = Ann - Ln,nflUnfl,n

)

with other elements zero. For Doolittle factorization we take L;; = 1,7 = 1,...,n. Then we have

Uinn = A11, Loy = A /Un
Ui—1i=A4Ai—14, Ui=As—Lii1Ui_1;, Lit1;=A4i11:/Us, i=2,...,n—1,
Unfl,n = Anfl,ny Unn = Ann - Ln,nflUnan
again with other elements zero. The values of g are given by

g1 ="01/L1,
gi = (bi - Li,iqu;l)/Lii, t=2,...,n.

Once g is known, ¢U+1) can be obtained by back-substitution:
£1j+1) = gn/Unna
¢§]+1) =(gi — Ui,i+1¢1(‘fi1))/Uiia t=n-1,...,1

Of course with L;; = 1 (or U;; = 1) there is no need to divide by L;; (or U;;). Crout factorization, which is used in
the code, has the advantage that only n — 1 elements of U need be stored whereas Doolittle factorization would
require 2n — 1 elements of U to be stored. The elements L;; and L, ;_; of L can, immediately after they have
been calculated, be used to compute g¢;, and hence they don’t need to be stored in an array.
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